There are many interesting cases, in which the golden section surprisingly arises. After establishing a connection between the golden ratio and an expression in terms of trigonometric functions, we deal with three of those cases: the Fibonacci sequence, a certain Berezinian and the pentagram.
Preliminary Lemma
For the successive sections we need the basic triangular relation 
The Golden Section
If a line L is split into two pieces A and B so that the ratios |L|/|A| and |A|/|B| are equal, this splitting is called the golden section. It was considered extremely aesthetical since the antiquity and can be found in many works of architects and painters.
In mathematics, the ratio τ given by the golden section appears in different contexts, so e.g. as the simplest continued fraction and as the ratio of two subsequent elements of the Fibonacci sequence.
Definition 1
The golden ratio is the positive real number τ satisfying the equation
Note that since this equation is equivalent to τ 2 + τ = 1, there are two solutions
where we discard the negative solution, so τ = 1 2 (
. It is interesting that equation (2) is the simplest quadratic equation containing all possible monomials nontrivially with real solutions.
We introduce the notation [a 0 , a 1 , a 2 , ...] for continued fractions:
For a continued fraction we have the iteration formula
Now the simplest continued fraction is
Treating the limits a little sloppily, the iteration formula directly yields
And with our results from above it follows immediately that [1] = τ .
Lemma 2
The value of τ is 2 sin 18 • (≈ 0, 618034).
Proof: We show that 2 sin 18 • fulfills 1 = τ 2 + τ :
• which holds because of lemma 1.
The Fibonacci sequence
Definition 2 The Fibonacci 1 sequence is defined recursively by a n+1 = a n + a n−1 (6)
with the initial conditions a 0 = a 1 = 1.
Thus, the first elements of the Fibonacci sequence are easily calculated to be: (1, 1, 2, 3, 5, 8, 13, ...) . Looking at the ratio of two subsequent elements, we find the sequence (1, 0.5, 0.6, 0.6, 0.625, 0.615384, ...). This sequence seems to converge and indeed we get an interesting result:
Theorem 1 The limit of the ratio of two subsequent elements of the Fibonacci sequence is given by:
lim n→∞ a n a n+1 = 2 sin 18
Proof: Let Q = lim n→∞ a n a n+1
. It is 1 Q = lim n→∞ a n + 1 a n = lim n→∞ a n + a n−1 a n = lim n→∞ 1 + a n−1 a n = 1 + Q.
This equation is obviously equivalent to equation (2) and with the restriction Q > 0 it follows immediately Q = τ .
The Berezinian
The following section is based on a remark presented in [2] . The Berezinian 2 is the appropriate Z 2 -graded extension of the ordinary determinant and used in the field called supermathematics (see [3] for more details). For our purposes, the bare definition in a special case is sufficient.
Definition 3 Given a block matrix of the form
its Berezinian is given by
Furthermore, the characteristic function of such a matrix K is defined by
Consider now the block diagonal matrix K with A = 1 and B = diag(−
2 ), i.e. the latter contains the two solutions to equation (2) . The characteristic function of this block matrix is then easily seen to be
Lemma 3 The coefficients in the power series expansion of R K (z) are just the terms of the Fibonacci sequence:
To prove this, notice that we can rewrite R K (z) as a geometric series:
One can rearrange this sum into an extended Pascal's triangle which takes the form
The coefficient of z n in the power series (13) is then determined by following a "stairway" through the above pattern and summing the encountered coefficients. For example, the coefficient of z 4 is a 5 = 1 + 1 + 3 + 2 + 1 = 8. On the other hand, one sees that such a coefficient can be derived from the sum of the coefficients obtained from the two stairways starting one line and two lines above the original one. This gives rise to the Fibonacci recursion relation a n = a n−1 + a n−2 ,
and together with the observation that the above method yields a 1 = 1 and a 2 = 2, the induction is complete. 
which was to be proven. 
which is approximately true only up to the 5th digit. As π is a transcendental 4 number while τ is only irrational, it is clear that an equality of this type can never be true.
